We consider the solution of the quantum Coulomb problem in one dimension with the most general connection condition at the origin. The divergence of the derivative of the wave function at the origin invalidates the standard current conservation approach. We explore two approaches, Wronskian self-adjoint extension method and cutoff regularization method, and establish their mutual relations, thereby clarifying the physical contents of the connection parameters. We show how to realize exotic non-Loudon connection conditions, entailing the realization of non-Rydberg spectrum.
Introduction
The one dimensional Coulomb problem, as defined by the 1D Schrödinger equation with a Coulomb potential,
is a useful model to describe physical systems such as the hydrogen atom under strong magnetic fields [1, 2] and the spectra of electrons bound above the surface of a superfluid [3, 4, 5] . In contrast to the three-dimensional analog, the divergence of the potential at x = 0 implies that square integrable solutions have a divergent derivative at the origin. Using atomic units, assuming bound states, E < 0, and defining α = 1 √ −2E
, these solutions can be written in terms of Whittaker functions, ψ(x) = N [sin(Ω)θ(−x) + cos(Ω)θ(x)] W α, 1 2 2 α |x| , (2) with N a normalization constant, and where Ω ∈ [− π 2 , π 2 ] parametrizes the weight on the left and right sides of the singularity. The divergence of ψ (x) at the origin does not allow for a trivial determination of the spectrum, fixed by the possible values of α and Ω. On the one hand, unlike the case of the 1D point interaction on free space [6, 7] , it is not possible to fix it in terms of a linear relation between the wave functions and derivatives. On the other, there is not a unique, physically valid condition, since in principle different finite physical potentials might have different zero-range limits.
On a physical basis, various arguments have been made in order to support different regularizations. In [8] two cut-offs were proposed, establishing a set of odd and even solutions, with a ground energy diverging with the vanishing cut-off. Since then, many works have discussed the existence of this state and the possible parity of the solutions [9] . In more mathematical terms, the connection condition has been constrained by self-adjointness in [10, 11, 12] . In [11] , a general self-adjoint connection condition for singular potentials was developed. It was defined in terms of Wronskians, and the corresponding constraints for the 1D Coulomb problem were provided as an example.
In this work, we pick up the Wronskian condition developed in [11] , apply it to the 1D Coulomb problem, and characterize both the energy spectra and possible eigenfunctions through the parameters defining the family of self-adjoint conditions (Sec. 2). The solutions are next analyzed in terms of the wave function behavior near the origin, and in terms of a set of regularized potentials (Sec. 3). These potentials consist in the Coulomb interaction at |x| > d, plus three Dirac deltas at x = −d, 0, d. Their magnitudes are a function of the cut-off distance d, and depending how they behave in the limit d → 0, they converge to one or another point interaction. This construction is general enough so that we can relate the self-adjoint connection condition to the behavior of the potentials, such as soft or hard cores, symmetric or antisymmetric (Sec. 4). Thus, the 1D Coulomb problem is both general and rigorously formulated, and at the same time intuitively understood on physical grounds. A regularization with a rectangular barrier or well of width d and centered at the origin is discussed in Sec. 5. We conclude in Sec. 6.
Wronskian self-adjoint connection condition
The general condition satisfying self-adjointness, as defined in [11] , reads,
where U is a unitary 2x2 matrix, I the identity, and
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with M and Γ the Whittaker and gamma functions. We use the standard decomposition U = V −1 D V , with D diagonal and V ∈ SU (2), and parametrize both matrices as
where
with F the digamma function. The most general selfadjoint connection condition in the bound 1D coulomb problem can then defined by three parameters, ω, θ − , and θ + . ω fixes the weight of the wave function in each side of the singularity, and θ − and θ + fix the spectrum α. In the following, the arbitrary value of β is fixed such that (13) with γ the Euler's constant. Two spectra are possible depending on the values of θ ± , the relations α(θ − ) and α(θ + ) being the same, and
These spectra are periodic and continuous at θ ± = −π and θ ± = π, both points being degenerate and corresponding to Rydberg-type levels. The ground state at θ ± = −π diverges, since α → 0, and is an exception to this degeneracy. The lower part of the energy spectrum, in the form of α(θ ± ) and E(θ ± ), and the corresponding energy gaps, ∆E(θ ± ), are plotted in Fig. 1 . The energy levels monotonously increase from α = n at θ ± = −π, to α = n + 1, at θ ± = π, with n ≥ 0 integer. Wave functions gradually become more peaked as θ ± -π - (left), E (middle), and their energy gaps ∆E (right) as a function of point interaction parameters θ ± . The self-adjoint extension of the 1D Coulomb potential allows for two independent spectra, each one parametrized by θ − and θ + , both relations E(θ + ) and E(θ − ) being the same. The spectrum is continuous at θ ± = −π, π, and at these values it corresponds to the Rydberg series α = n, E = − 1 2 n 2 , with n and integer. decreases from π to −π, the ground state turning into a sharp singly or doubly peaked function as θ ± → −π, and the rest converging back to the eigenfunctions at θ ± = π. The variation of W α, 
Finite cut-offs
The 1D Coulomb potential can be regularized by cutting it off at x ∈ [−d, d], and then replacing the potential at this interval by a finite one. The connection condition at the origin is then replaced by boundary conditions at x = ±d. Before specifying any form of regularization, we analyze how the spectrum depends on the behavior of the wave function at x = ±d. The weight Ω and energy spectrum α are independently related to the quotients,
In the limit d → 0, Q and tan
have the same dependence on α, their difference being 2 log(d). In general, a regularization allows for two sets of solutions, as for example odd and even, entailing two possible Q and R. We label each set of solutions with subindices − and +, and associate each one to θ − and θ + ,
The connection parameters thus fix the behavior of the wave function at the origin. θ − and θ + determine the value of lim d→0 Q(d, α) for each set of solutions, while ω fixes the relative weights on each boundary x = ±d, as d → 0. Note that, in this limit, only in the case in which Q(d, α) diverges logarithmically, Q ∼ −2 log(d), the spectrum will correspond to θ ± = ±π, and therefore to a non-Rydberg spectrum.
We regularize Eq. 
For two exterior deltas of equal strength, u 1 = u 2 = u, the above relations read,
In this case, the wave functions have well defined parity, with R − (Ω) = −1 and R + (Ω) = 1 corresponding to odd and even solutions.
Relation among connection parameters and regularized potentials
The behavior of the regularized potentials as d → 0, determining R(Ω) = tan(Ω) and Q(d, α), can be related to the connection parameters θ ± and ω through Eqs. (16) and (17). For the case of three Dirac deltas, R and Q are given by by Eqs. (18) and (19) . Solving for u 1 , v, and u 2 , we find
Any spectrum of the self-adjoint extension of the 1D Coulomb problem, defined by the three parameters θ − , θ + , and ω, can therefore be reproduced by two attractive deltas at x = ±d, and a middle one, repulsive or attractive, at x = 0, and vanishing cut-off distance d. This relation can be checked by choosing a set of values for θ ± and ω, calculating the corresponding three deltas according to Eqs. (22), (23), and (24), and solving for the spectra α and Ω in the corresponding regularized 1D Coulomb problem. The energy eigenvalues are found to converge to the ones given by the point interaction for d ∼ 10 −4 . Note that, at this cut-off distance, the error in Eq. (15)
2 , is of the order of 1%.
We illustrate how the energy spectrum and wave functions for the ground and first excited states vary for three different symmetric regularizations (tending to three different point interactions) for d = 10 −4 in Fig. 3 . All these regularizations correspond to ω = 
Other regularizations
The regularization of the 1D Coulomb potential with three Dirac deltas has been chosen due to its simplicity, and such that is general enough to map to the whole family of self-adjoint point interactions defined in Sec. 2.
Other regularizations are indeed possible. One example is the one first proposed in [8] , consisting in a well of , which implies outer deltas of equal strength. Bottom six plots: eigenfunctions corresponding to the same three eigenvalues and for the three same regularizations, solid lines corresponding to circles, dashed lines to crosses, and dot-dashed lines to triangles. They are organized according to the energy levels,
, width 2d, and centered at the origin. In this case the spectrum approaches α = n from above as d → 0, with integer n > 0 for even wave functions and n ≥ 1 for odd ones. The energies are therefore lower than the corresponding Rydberg series. In the limit d → 0, this regularization matches the point interaction with ω = . This is what is expected when integrating out the transversal degrees of freedom in the dynamics of a hydrogen atom under strong magnetic fields [13] . . Only the even spectrum has solutions for the lowest energy level, at −∞ < E < − A rectangular potential of general depth or height V (d) may be considered. The boundary conditions at x = ±d, resulting from matching the solutions and their derivatives inside and outside the well or barrier, read,
corresponding to odd and even solutions, respectively, and where k = 2(V (d) − E). The spectrum is then found by replacing in the above equations the expressions for R(Ω) and Q(d, α), defined in Eqs. (14) and (15), and solving for Ω and α. The particular case studied in [8] corresponds to 
Conclusions
We have analyzed the spectrum of the 1D Coulomb problem with a general self-adjoint connection condition. This connection condition is defined by three parameters, ω, θ − , and θ + . ω is directly related to the weight of the wave function on the left and right sides of the point interaction, while θ − and θ + independently fix the energy spectrum and shape of the wave functions, each parameter corresponding to a different set of solutions. Based only on self-adjointness of the point interaction, for symmetric boundary conditions, ω = π 4 , odd and even solutions, and the limit E → −∞ are allowed. Moreover, there is a continuum of possible spectra, which, in general, do not have a well defined parity, differ from the Rydberg-type series, and are not degenerate.
In order to provide physical meaning to the self-adjoint family of point interactions, we have related ω and θ ± to a set of regularized potentials. They consist in a Coulomb potential which is cut-off at x ∈ [−d, d], and replaced in this interval by three Dirac deltas at x = −d, 0, d. These potentials are characterized by the three strengths of the deltas and the cut-off distance d. Depending on how the delta magnitudes behave as the cut-off distance vanishes, the regularized potential tends to one or another set of connection parameters.
The case of single well or barrier with varying depth or height has also been analyzed, and related to connection conditions with ω = 
